Abstract. We establish a simple inductive formula for the trace Tr 
Introduction and statement of results
Let p be an odd prime, and let F p denote the finite field with p elements. For any multiplicative character χ on F where B is the complex conjugate of the character B.
Let n be a positive integer. For characters A 0 , A 1 , . . . , A n and B 1 , B 2 , . . . , B n on F p , Greene [9] defined the Gaussian hypergeometric series over F p by (1.2) n+1 F n A 0 , A 1 , . . . , A n B 1 , . . . , B n x p := p p − 1 χ A 0 χ χ
where the sum is taken over all characters χ on F p . Let ε denote the trivial character, and let φ denote the quadratic character modulo p (the prime p will always be clear from context). Specializing to our purposes, define (1.3) n+1 F n (x) := n+1 F n φ, φ, . . . , φ ε, . . . , ε x
To emphasize the dependence on p, we will occasionally write n+1 F n (x) p := n+1 F n (x).
One important role of Gaussian hypergeometric functions is that they provide formulas for the Fourier coefficients of certain modular forms. For example, if λ ∈ Q \ {0, 1} and p is a prime of good reduction for the Legendre normal form elliptic curve E(λ) : y 2 = x(x − 1)(x − λ), then −φ(−1)p 2 F 1 (λ) p is the p-th Fourier coefficient of the weight 2 newform associated to E(λ) by the Shimura-Taniyama correspondence [12] , [17] . Similarly, if λ ∈ −1, 4, 1 4 , −8, − 1 8 , 64, 1 64 , then, for all but finitely many primes p, it turns out that 3 F 2 (λ) p is essentially the p-th Fourier coefficient of an explicit weight 3 newform with complex multiplication that is associated to a certain singular K3 surface X λ (see Corollary 11.20 of [18] ). In view of these examples, it is natural to seek further formulas for coefficients of modular forms in terms of Gaussian hypergeometric functions. Here we address the problem of obtaining a "Gaussian hypergeometric trace formula" for the action of Hecke operators. For positive integers N and k, let S k (Γ 0 (N )) denote the space of cusp forms of weight k on the congruence subgroup Γ 0 (N ). Let S new k (Γ 0 (N )) denote the subspace generated by its level N newforms. Furthermore, let Tr k (Γ 0 (N ), p) denote the trace of the Hecke operator T p on S k (Γ 0 (N )), and similarly let Tr new k (Γ 0 (N ), p) denote the trace of T p on S new k (Γ 0 (N )). The Eichler-Selberg trace formula [10] gives a precise description of Tr k (Γ 0 (N ), p); however, the formula is quite complicated (for example, see Theorem 2.2). Here we give a simple formula, inductive in k, for Tr new k (Γ 0 (8), p) in terms of the values 3 F 2 (λ). Moreover, Theorem 1.1 below provides a complete description of the traces of Hecke operators T p for cusp forms on Γ 0 (8).
To state this result, we first fix notation. Let k ≥ 2 be even. If p ≡ 1 (mod 4), then we can uniquely write p = a 2 + b 2 , where a and b are positive integers, and where a is odd. Then we define
Remark. Using Theorem 4.3 (2), it is straightforward to verify that
Also, for odd primes p and k ≥ 4, define the function H k (p) by
and set H 2 (p) := −φ(−1). Let [ n j ] denote the trinomial coefficient defined by the expansion
Theorem 1.1. If p is an odd prime and k ≥ 2 is even, then
Remark. As the referee has kindly pointed out, Theorem 1.1 can also be formulated in terms of generating functions. Moreover, if we let c j (d) denote the coefficient of
It is also interesting to consider the generating function
Using properties of the numbers c j (d) (see [14, p. 316 ]), we then find that
where
and
.
−1 is a rational function. By computing the values of 3 F 2 (λ) explicity, we can compute this rational function for specific values of p. For example, we find
For larger primes the rational functions become increasingly more complicated.
Remark. It is reasonable to expect that there are generalizations of Theorem 1.1 for other Γ 0 (N ), which will be the subject of further study. However, there does not appear to be a simple way of obtaining a general result in which the choice of parameters in the relevant Gaussian hypergeometric functions are given a priori as a function of N . With the proper hypergeometric functions in hand, it seems likely that proofs of such generalizations would follow from arguments similar to the ones presented here. Theorem 1.1 has some immediate consequences. Here we describe several applications. As usual, let η(z) denote Dedekind's eta-function 
By Theorem 3.13 of [9] (see also Proposition 4.1 (2)), we have p 
This formula is the conclusion of Theorem 6 of [3] , and is equivalent to the assertion that the Calabi-Yau threefold given by
is modular.
As another application, we recall the following conjecture of Koike [13] .
By combining Theorem 1.1 with transformation laws for Gaussian hypergeometric functions, we obtain the following. In addition to their relationship with coefficients of modular forms, Gaussian hypergeometric functions have also played important roles in the proofs of "supercongruence" conjectures of Beukers [5] , [6] and Rodriguez-Villegas [20] (see [3] , [15] , [16] ). For primes p ≥ 5, the following congruence due to Mortenson [16] is typical
Other works by Ahlgren [1] , Koike [12] , and the second author [17] provide further examples of p-adic results for combinatorial expressions whose proofs require these functions.
As an additional application, we consider congruences of the type originally considered by Beukers [5] , [6] . If n is a positive integer, then define the Apéry number A(n) by
These numbers played an important role in Apéry's celebrated proof of the irrationality of ζ(3). In 1987, Beukers related these numbers to modular forms [6] ; he proved that if p is an odd prime, then
He went on to conjecture that
Using (1.12), the Gross-Koblitz formula for the p-adic Gamma-function, some p-adic analysis, and the WZ method, Ahlgren and the second author [3] successfully proved this conjecture. Using Theorem 1.1, it is now possible to obtain generalizations of such congruences. For brevity, we shall be content with congruences modulo primes p. To state these results, for integers m, , λ, and n, define the generalized Apéry number A(m, , λ; n) by
Of course, we have that A(n) = A(2, 2, 1; n). Theorem 1.3. Suppose that k ≥ 4 is even, and that p is an odd prime.
In general, we have the following. Theorem 1.4. If k ≥ 4 is even and p is an odd prime, then
Remark. Mortenson has kindly pointed out that, as an immediate corollary to Theorem 1.3, one has the following. As in the statement of Koike's conjecture, we let b(n)q n be the Fourier expansion of the unique newform in S 6 (Γ 0 (8)). Then for all odd primes p,
where as usual, (a) n := a(a + 1) · · · (a + n − 1) for n > 0 and (a) 0 = 1. In fact, Mortenson points out that this congruence appears to hold modulo p 5 .
In Section 2 we recall a formulation of the Eichler-Selberg trace formula for the groups Γ 0 (4) and Γ 0 (8), and we state a formula, which will be proved in Section 7, for the group Γ 0 (2) (see Theorem 2.3). In Section 3 we then interpret these trace formulas in terms of the numbers of F p -points on certain classes of varieties, and in Section 4 we recall essential facts regarding Gaussian hypergeometric functions. Assuming the truth of Theorem 2.3, in Section 5 we combine all of these results to prove Theorem 1.1 and Corollary 1.2. In Section 6 we prove Theorems 1.3 and 1.4. In Section 7, we conclude with a proof of Theorem 2.3.
Trace formulas
Fix a prime p ≥ 3, and let k ≥ 2 be even. Using the version of the Eichler-Selberg trace formula due to Hijikata [10, Thm. 2.2], we will prove formulas for Tr k (Γ 0 (N ), p) when N = 2, 4, and 8. In the end, we consider simplifications of Hijikata's formula that relate Tr k (Γ 0 (N ), p) to the number of points on certain varieties over F p .
We begin by fixing notation. We will make special use of two families of elliptic curves:
For a prime p ≥ 3 and λ ∈ F p , the traces of Frobenius 2 A 1 (p, λ) and 3 A 2 (p, λ) are
We will rewrite the relevant trace formulas using these quantities. Let
The relations x + y = s and xy = p uniquely define a polynomial
Moreover, a straightforward induction gives
The polynomial G k (s, p), evaluated at certain values of s, is a key part of Hijikata's formula for Tr k (Γ 0 (N ), p) (e.g. see Theorem 2.2). An important observation is that among the various pieces of Hijikata's formula, for fixed level N , the only part that varies with k is G k (s, p). Moreover, the points s at which we evaluate G k (s, p) depend only on p and N and not on k.
The following proposition appears in [2, Thms. 1-2], in the case of level 4, weight 6, and in [4, Thms. 1-2], in the case of level 8, weight 4. In fact, the formulas below hold for all even k ≥ 4 with exactly the same proofs. Proposition 2.1 ((1) Ahlgren [2] ; (2) Ahlgren-Ono [4] ). If p is an odd prime, and k ≥ 4 is even, then the following are true.
We set more notation. For d < 0 and
recall the definition of the Kronecker symbol for d,
Theorem 2.2 below is Hijikata's version of the Eichler-Selberg trace formula at level 2, whose derivation from the general formula is a straightforward calculation which we omit. Theorem 2.2 (Hijikata [10, Thm. 2.2]). Let p be an odd prime, and let k ≥ 2 be even.
and where if
As before, whenever p ≡ 1 (mod 4), we let a, b ≥ 0, a odd, be defined by the expression
The following theorem provides the level 2 version of Proposition 2.1. Theorem 2.3. For a prime p ≥ 3 and k ≥ 4 even,
We postpone the proof of Theorem 2.3, which is self-contained, until Section 7.
Counting points on varieties over F p
For k ≥ 4 even, define three sequences of varieties U k , V k , and W k , which are hypersurfaces in affine k-space, by
One sees readily that U k , V k , and W k are constructed from families of elliptic curves with subgroups of the form Z/2Z, Z/2Z ⊕ Z/2Z, and Z/4Z ⊕ Z/2Z respectively. Geometrically, these varieties are essentially of Kuga-Sato type: for example, there is an easily defined surjective map onto V k from the (k − 2)-th power of the Legendre family, fibered over the λ-line. Thus as in Birch [7] and Ihara [11] , for a prime p ≥ 3 it is reasonable to expect that the numbers of points in U k (F p ), V k (F p ), and W k (F p ) are directly related to Tr k (Γ 0 (2), p), Tr k (Γ 0 (4), p), and Tr k (Γ 0 (8), p) respectively. We make these assertions exact in Propositions 3.1, 3.2, and 3.3.
We now consider formulas for 
( 2n n ) be the nth Catalan number, and let δ k (p) be as in (2.8).
Proposition 3.1. For a prime p ≥ 3 and k ≥ 4 even,
Remark. It is worth pointing out that the coefficients Proof. First of all, we have
We will rewrite this expression in terms of the polynomials
−1 using a combinatorial argument involving inverse relations (see Riordan [19, ). One such inverse pair [19, Table 2 .3] is the following:
(−1) j n − j j a n−2j .
We may rearrange (2.6) to give
Setting n = k − 2, and using a n =
in (3.5), we obtain
Substituting s = 3 A 2 (p, λ), the formula in (3.4) therefore becomes
where for the second equality we apply Theorem 2.3, when j ≤ k 2 − 2, and use that G 2 = 1, when j = k 2 − 1. Using standard facts about binomial coefficients, we see that
Finally, we adjust the sum to incorporate a j = The derivations of the formulas for |V k (F p )| and |W k (F p )| in the following propositions are essentially the same as the proof of Proposition 3.1. The primary differences are that for |V k (F p )| we use Proposition 2.1 (1) instead of Theorem 2.3, and that for |W k (F p )| we use Proposition 2.1 (2). We omit the remaining details. Proposition 3.2. For a prime p ≥ 3 and k ≥ 4 even,
Proposition 3.3. For a prime p ≥ 3 and k ≥ 4 even,
Combining the numbers of F p -points on the varieties U k , V k , and W k yields an amusing and useful relationship among the traces Tr
and obtain the following theorem as an immediate consequence of Propositions 3.1-3.3. 
Gaussian hypergeometric functions
Gaussian hypergeometric functions over finite fields were defined by Greene [9] as character sum analogues of the classical hypergeometric functions. The classical functions satisfy many interesting properties, such as transformation and summation formulas, and Greene showed that their finite field analogues enjoyed many similar properties. Koike [12] and the second author [17] further explored the arithmetic properties of Gaussian hypergeometric functions, including the number-theoretic significance of certain special values of these functions. We continue this study below in Section 5, proving Theorem 1.1 and Koike's conjecture.
In this section, we give several properties of Gaussian hypergeometric functions which we shall require. Using properties of characters and of Jacobi sums, Greene proved an alternate formula for the 2 F 1 function. Also, Greene [9, Thm. 3.13] showed that a Gaussian hypergeometric function can be expressed as a sum of Gaussian hypergeometric functions of lower degree. Specializing these results to the case of n+1 F n (λ) as defined above, we have the following proposition.
Proposition 4.1 (Greene [9] ). If n ≥ 1 and λ ∈ F p , then the following hold.
One of the transformation formulas proved by Greene [9, Thm. 4.2] involves the relationship between a Gaussian hypergeometric series evaluated at λ and at 1/λ. We will have need of two special cases of this theorem, as given in the following proposition.
Proposition 4.2 (Greene [9]). If
We will also have need of the special values 2 F 1 (−1) and 3 F 2 (1). Both parts of the following theorem appear in [17] ; part (1) is a special case of Theorem 2, and it is noted that part (2) is a special case of a theorem of Evans. (
The following theorem relates the values of 2 F 1 (λ) and 3 F 2 (λ) to the elliptic curves 2 E 1 (λ) and 3 E 2 (λ) as defined in Section 2. We note that part (2) is given in [3] , as a slight reformulation of [17, Thm. 5]. [12] ; (2) Ono [17] ). Let p be an odd prime, and let 2 A 1 (p, λ) and 3 A 2 (p, λ) be as given in (2.3) and (2.4) respectively. Then the following are true.
Theorem 4.4 ((1) Koike
As a consequence, with certain restrictions on λ, the values 2 F 1 (λ) and 3 F 2 (λ) are explicitly related to each other. Corollary 4.5. If p is an odd prime, then the following hold.
then by the change of coordinates x = βx − β and y = β 
2 when λ = 0, 1, −1. Now applying Theorem 4.4 (2) gives p 
Proofs of Theorem 1.1 and Corollary 1.2
Here we give the proofs of Theorem 1.1 and Corollary 1.2, the latter of which establishes the truth of Koike's conjecture. We require the formula for |U k (F p )| given in (3.4) , and the analogous facts about |V k (F p )|, and |W k (F p )| as given below. Their derivations are similar to that of (3.4) .
Proof of Theorem 1.1. We first note that the case k = 2 is trivial, since Tr new 2 (Γ 0 (8), p) = 0 and H 2 (p) = −ε 2 (p). Now fix k ≥ 4. We require the following expression for N k (p) in terms of the functions H k (p), as defined in (3.6) and (1.6) respectively. Proposition 5.1. Let p be an odd prime, and let k ≥ 4 be even. Then 
Using Corollary 4.5 on the second sum, we express N k (p) + 1 completely in terms of 3 F 2 -functions. Then since (1 − φ(−1)) p 
To simplify, note that . Thus in the second sum, a term containing 3 F 2 (λ) appears with multiplicity 1 + φ(1 − λ). Therefore,
Expanding the k 2 − 1 -th powers using the binomial formula, we then see that (5.3) holds by applying the following lemma.
Lemma 5.2. If p is an odd prime, then for any integer n ≥ 0 the following are true.
(1)
Proof. We prove only part (1) . (The proof of part (2) is analogous.) We have
by splitting the sum and taking λ −→ 1 λ in the second piece. Then using Proposition 4.2 (2) on the second piece, we obtain
Next we invert the equation from Proposition 5.1, obtaining an expression for H k (p) in terms of N k (p) (hence in terms of the trace on spaces of newforms). Recall the definition of δ k (p) in (2.8), and let γ k (p) := −(−p)
Proposition 5.3. Let p be an odd prime, and let k ≥ 2 be even. Then
Proof. Defining N 2 (p) := φ(−1) − 1 means that (5.3) holds for all k ≥ 2. We make use of another inverse pair [19, Table 2 .1] given by (5.5) a n = n j=0 n j b n−j , and b n = n j=0 (−1) j n j a n−j .
Dividing through by
Setting n = k 2 − 1, and using a n = −
in (5.5), we obtain
Therefore by Theorem 3.4 and our definition of N 2 (p), we obtain
We may adjust the sum on to range over 0 ≤ ≤ k 2 − 1, since the binomial coefficients dependent on will all be zero if < j. We then obtain (5.4) by applying the fact that
The proof of Theorem 1.1 is then complete by applying the following lemma.
Lemma 5.4. Let p be an odd prime, and k a positive even integer. Then
Proof. If p ≡ 3 (mod 4), the proof reduces to showing that
This follows from the easily proven fact that for any n ≥ 0,
If p ≡ 1 (mod 4), then we must show that
Using the definition of G k−2 (s, p), we see that the left-hand side of (5.8) equals
Setting j = + i, and noting that
Expanding the right-hand-side of (5.8) using the binomial theorem, and comparing it with the above expression, we see that the proof of (5.8) reduces to showing the following equality for every j with 0
We prove (5.9) using a third inverse relation. In [19, 
where p and q are integer parameters. Using (5.7), we may write
Choosing p = 2n and q = −1, and noting that 
Setting n = k 2 − 1 and simplifying then gives (5.9).
We now establish the truth of Koike's Conjecture, using the k = 6 case of Theorem 1.1.
Proof of Corollary 1.2. Setting k = 6 in Theorem 1.1 gives
where in the second equality, we apply (1.5) and (1.12). The proof therefore reduces to establishing the following formula:
Applying Proposition 4.1 (2) twice to 6 F 5 (1) gives
Applying the change of variables λ −→ , followed by x −→ xλ then yields
where the second equality follows by Proposition 4.1 (1). Now applying Proposition 4.1 (2) to 4 F 3 (λ), we see that
Making the change of variables λ 1 λ 2 −→ λ and using the inversion for 2 F 1
given in Proposition 4.2 (1), we obtain
, we see that
By Proposition 4.1, the inner sum equals φ(−1)p 3 F 2 1 λ . Finally, using the inversion for
given in Proposition 4.2, we obtain (5.11), thus completing the proof.
Congruences for Tr
Here we prove Theorems 1.3 and 1.4 using Theorem 1.1, as well as known facts concerning the values of Gaussian hypergeometric functions modulo p. We state some facts that we require (for example, see [12] or [17, Sect. 5] ). Proposition 6.1. Suppose that p is an odd prime.
(2) We have
Proof of Theorem 1.3. By Theorem 1.1 and the definition of H k (p) and ε k (p), if 
In view of Proposition 6.1 (1) , it suffices to show that
(mod p).
Using (1.5), it follows that
If p ≡ 1 (mod 4), this proves (6.1). If p ≡ 3 (mod 4), then p (2) . Therefore, (6.1) is also true in these cases. This completes the proof. 7. The family 3 E 2 (λ) and the level 2 trace formula
We devote this section to the proof of Theorem 2.3. The proof follows similar lines to the ones in [2] , [4] , of the formulas in Proposition 2.1. However, there are several differences which require explanation. Before working out the proof, we go over some facts and lemmas about the family of elliptic curves 3 E 2 (λ) : y 2 = (x − 1)(x 2 + λ). Let K be any field of characteristic = 2, and consider the family 3 E 2 (λ) to be defined over
Thus if j = 0 or 1728, then there are precisely three values of λ ∈ K so that j( 3 E 2 (λ)) = j. Moreover, only j( 3 E 2 (
)) = 0, and only j( 3 E 2 (−
If E/K is an elliptic curve, a K-quadratic twist of E is a quadratic twist of E by some D ∈ K.
Lemma 7.1. Let E/K be an elliptic curve with a K-rational point of order 2 in Weierstrass form E : y 2 = x 3 + 2βx 2 + γx, with β, γ ∈ K and β = 0. Then there is a λ ∈ K so that E is isomorphic over K to a K-quadratic twist of 3 E 2 (λ).
Proof. The change of coordinates x = βx − β, y = β 3 2 y , gives the curve 3 E 2 (λ), where λ = γ−β 2 β 2 . Thus E is isomorphic over K to the β-quadratic twist of 3 E 2 (λ).
Remark. Lemma 7.1 covers all isomorphism classes of elliptic curves E/K, except when j(E) = 1728. } and λ 2 ∈ K \ {0, −1}. If In the second line, there are four possibilities: two choices of δ ± and two possible signs on u. In any case, the lemma follows immediately.
We also appeal to the following theorem of Schoof, specialized to our purposes. For a prime p, let I p denote the set of all isomorphism classes of elliptic curves over F p , and define I(s, p) := {C ∈ I p | ∀E ∈ C, |E(F p )| = p + 1 ± s}, If E/F p is an elliptic curve with |E(F p )| = p + 1 ± s, then we write [E] for its class in I(s, p). Also, if C ∈ I p , we let C tw ∈ I p be the class of quadratic twists of curves in C by non-squares in F p . If the j-invariant of curves in a class C is not 1728, then C = C tw . Also, for d the discriminant of an order O in an imaginary quadratic field, define the sum of class numbers We will need the following lemma on relations between class numbers. Finally, in the proof of Theorem 2.3 we will make frequent use of the following easily proven lemma. It is then a routine matter to check that the p = 3 case follows directly from Theorem 2.2. For the remainder of the proof, we will assume that p ≥ 5.
The elements of I(s, p) can be paired up by quadratic twists so that I(s, p) = {C 1 , . . . , C h , C 
